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Reminder: Mesophases: smectic, nematic, isotropic
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• The shape of a molecule, together with temperature and pressure,
are the main factors determining whether it will act as a mesogen. 

Two smectic phases Nematic phase
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https://www.researchgate.net/deref/http:/dx.doi.org/10.3390/nano7100305?_sg%5b0%5d=XfLVb9xt9-j6YVejgQp2btoSzwmco-lIxY7ZsU-4U3ENEolxIZ5M6p9R5uX0CI1cmmektUqE4qAhSe22wmBYIrPk3w.fADox53Fejb86y7ogNpf4d8DWEQvcjAXErSV4fuLOkHqNHnbbM35uXO4Hrm9wwvVzLCmq1sXuTu5VD-Vq5Gh8w
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Two typical I-N-(S)-C phase diagrams
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https://jphyscol.journaldephysique.org/articles/jphyscol/abs/1979/03/jphyscol197940C379/jphyscol197940C379.html
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Isotropic – Nematic transition: macroscopic
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Phase transition from isotropic to nematic state of the nematic mixture MLC6816 
(Merck) under cooling from ca. 78 to 73 degrees. 
Full video: Alexey Bobrovsky https://www.youtube.com/watch?v=u1wqn7AL4yg

https://www.youtube.com/watch?v=u1wqn7AL4yg
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Nematic – Isotropic Transition: microscopic

• θ is the angle between the long axis of a 
selected molecule and the average direction of 
the orientation, the director n.
• The brackets ⟨⟩ denote the average over

all of the molecules in the sample. 
• The order parameter, S, decreases when the 

temperature is increased. When the temperature 
is sufficiently high, the orientational order is 
suddenly and completely lost (now S=0) and 
there is a first-order phase transition into the 
isotropic state.
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Order parameter

S = ½⟨(3 cos2θ − 1)⟩

1 for perfect alignment
0 for isotropic
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https://www.mdpi.com/1996-1944/11/1/24/htm
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Nematics: what is the simplest model?

• It turns out that molecular detail doesn’t matter much (this is good news)
• Inflexible molecules and colloidal rods show similar behaviour
• So, perhaps we can simply consider a collection of hard rods…?
• In a “hard particle” system, the particles are not allowed to overlap
• No other particle interactions are considered
• Increasing P or decreasing T is equivalent to increasing the density ρ

• Once we have solved a hard-particle problem, we can convert quasi-
universally to the “macroscopic” energy, length, and time units:
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𝑒! = 𝑘"𝑇 𝑙! = 𝜌#$/& 𝑡! = 𝜌#$/& 𝑚/𝑘"𝑇 

https://iopscience.iop.org/article/10.1088/0953-8984/28/32/323001

https://iopscience.iop.org/article/10.1088/0953-8984/28/32/323001
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Thermodynamics in “hard particle” systems

• To find the stable phase in an open system (with P and T set to the 
laboratory conditions), we need to minimise the Gibbs Free Energy

    𝐺 = 𝐻 − 𝑇𝑆 = 𝑈 + 𝑃𝑉 − 𝑇𝑆 

• If, instead, we consider a system with a fixed volume (i.e. fixed density), 
we need to minimise the Helmholtz Free Energy

𝐹 = 𝑈 − 𝑇𝑆

• “Hard particles” means no particle interactions, so U=0
• So, at the T of interest, we need to maximise S
• It is this feature that makes “hard particle” systems interesting
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Entropy and probability – one particle
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Every microstate that satisfies the given constraints occurs with equal probability



School of Chemistry, University of Sydney

The concept of Accessible Volume
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The blue area (3d: “volume”) is accessible to the centre of the particle.

The area on the right is equal to that on the left, so the particle is equally 
likely to be on either side of the partition.

In general, the probability of the particle being in an area ~ the 
accessible volume
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Excluded volume – multiple particles
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The blue area (3d: “volume”) is accessible to the centre of the particle. 

Particles reduce the accessible volume of other particles

Overall, the translational entropy of the particles is 𝑆 = 𝑘! ln𝑊

W ~ The product of the accessible volumes for each particle
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Entropy can drive order
• At high densities, all configurations have much lower accessible volumes.
• In the crystalline phase, the accessible volume is shared equally between particles.
• In disordered configurations, the accessible volume is shared unequally.
• W is maximised if the particles share the accessible volume equally.
• Therefore, the crystalline phase has higher entropy!

12



School of Chemistry, University of Sydney

Hard-sphere phase diagram

• In the diagram on the right, RCP 
stands for Random Close Packed
• At high densities, the crystalline 

(FCC) phase has higher entropy 
than the amorphous (RCP) phase
• So, at high densities, the crystal 

becomes the more stable phase, 
and we get a phase transition

13

10
.1

10
3/

Ph
ys

Re
vE

.5
8.

53
2

Q3

https://www.researchgate.net/deref/http:/dx.doi.org/10.1103/PhysRevE.58.532?_sg%5b0%5d=E3Xch1qcLyxEzqYxBzD1FmbaM5O1k0VzALYUz7VkjsNW-t2vDtVwKTNlZsyjIiAu1Fwt1yMwqt0NiwQ96AMx6hbwzg.Hu2qsMGwJdesXeKaCZy6sEWiBGcbns1CgYof76sQ4HJoo2a0Otk_cbDEIUoaoPjtRXPtvjHfLr4zP_uce0ZvSA
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Excluded volume for long particles

• Rod like (length L, diameter D) particles have 
orientational freedom and, thus, orientational entropy.

• At low concentrations, they exploit this and form an 
isotropic phase.

• However, excluded volume now depends on their 
relative orientations. 
• For isotropic orientations, the average excluded volume is 

much larger than the volume of the rod (~DL2).
• For aligned rods, the excluded volume is about 4x the 

volume of the rod (~D2L).
• As with spheres, these exclusions increase linearly with 

concentration. 
• At high concentrations, the accessible volume, and 

hence translational entropy is far greater in the nematic 
than in the isotropic phase.

• To maximise total entropy, the nematic phase sacrifices 
orientational entropy for translational entropy.
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Onsager’s prediction of the I-N phase boundary

• Lars Onsager captured these qualitative arguments in a quantitative 
description, predicting the phase boundary entirely theoretically:
• Assumed the distribution f(θ) of angles θ between each rod and the nematic 

director.
• Then, at each concentration, minimised the free energy with respect to variations 

in the distribution function f(θ)

• This predicted that:
• Isotropic phase stable at concentrations < 4.2/DL2

• Nematic phase stable at concentrations > 7.0/DL2

• Phase coexistence in between
Since the volume of a rod is D2L p/4, the packing fraction at which these transitions 
occur decreases as L/D increases

15
D. Fennel Evans, H. Wennerström. The Colloidal Domain: Where 
physics, chemistry and biology meet. Wiley, 1999. pp 526-530
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I-N phase boundary: theory vs simulation
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https://www.researchgate.net/deref/http:/dx.doi.org/10.1063/1.473404?_sg%5b0%5d=qlGnoro4gbBWg44SDQLVQdDdT9R-_h8MPhrQdzeRWw0TDoNURsyZ04Fskp-znIsPD6T0pO1Wt09A4fuYruxP67LIFw.OJXQOYVEa-Be25xybsCC38ZIHtNUqLsxnKxy64prjv_maCw2FsqmssQiYNC9LSNc_NfM5KPn295GBlzuG5mjLQ


Learning outcomes

After this lecture you should be able to

• Describe the approximations made when treating particles as “hard”

• Recognise the role of an order parameter as a simple measure of a complex 
distribution that distinguishes clearly between phases

• Understand and utilise the concepts of accessible and excluded volume

• Explain the thermodynamic reasons for the occurrence of nematic phases

• Identify common features of molecules that promote the occurrence of nematic 
phases

• Recognize the role of theory in the science of complex phenomena

17School of Chemistry, University of Sydney



School of Chemistry, University of Sydney

Further Reading

• D. Fennel Evans, H. Wennerström. The Colloidal Domain: Where physics, chemistry 
and biology meet. Wiley, 1999. pp 526-530
• Configurational integral: https://link.springer.com/content/pdf/10.1007%2F978-3-319-
46401-5_28.pdf
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https://link.springer.com/content/pdf/10.1007/978-3-319-46401-5_28.pdf
https://link.springer.com/content/pdf/10.1007/978-3-319-46401-5_28.pdf

